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The p rob lem of melt ing ice filling a lower hal f -space ,  under the ef fec t  of a heavy heated cyl in-  
der  of sufficiently large radius  is  considered.  An analytic solution is  obtained for  a l inear  
formulat ion of the nonsta t ionary p rob lem of motion of the fluid being fo rmed  because of mel t -  
ing of the solid phase.  

A hot normal  cyl inder  is  p laced on ice.  Under  the cyl inder  the ice thaws and a l iq~d  layer  is formed 
between the cyl inder  whose t empera tu re  is  kept constant  equal to T o and the ice,  and i ts  spreads  to the side 
under the ef fec t  of the cyl inder  weight. I t  is  assumed that the thickness of the liquid layer  h is  much less  
than the cyl inder  radius  r 0, which p e r m i t s  neglecting edge effects .  

Le t  us introduce a cyl indr ical  r ,  ~, z coordinate sys tem by direct ing the z axis upward opposite to 
the acce le ra t ion  of gravi ty  g = gy and superposing the x = 0 plane on the horizontal  ice surface and the lower 
base of the heated cyl inder  at  the init ial  instant.  With r e spec t  to the l abora tory  r e fe rence  sys tem connected 
to the fixed mass  of ice ,  the se lec ted  coordinate sys tem moves  downward at a veloci ty  v 0 equal to the s teady 
veloci ty  of the cyl inder  so that the ice surface  cor responds  to the coordinate z0(t), and the lower cyl inder  
surface to --z0(t) + h(t), where z 0 and the thickness of the flnid layer  h are functions of the time t. 

The sys tem of equations,  boundary, initial ,  and in tegra l  conditions corresponding to the formulated 
p rob lem is:  
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z - z0 (t) -L h (t), o~ - -  z0 -i- h, r~,, = 0; 
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r : r o ,  p : 0 ;  t = 0 ,  z o = 0 ,  h : 0 ;  (3) 
zoq-h 

v,  d z  r , ~); (4) 
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m g - - . I  p d S :  m (z d- h). (5) 
So 

The boundary conditions (2) on the moving ice surface z0(t) take account of the adhesion condition (Vr = 0), 
the constancy of the solid phase t empera tu re  at the melting point (T = 0), and the veloci ty  of the coordinate 
sys t em (v z = v 0) with r e spec t  to the ice at r e s t  in the l abora tory  r e fe rence  system.  

The adhesion condition, (Vr = 0), the sustained cyl inder  t empera tu re  (T = To), and the impermeab i l -  
i ty of the boundary for  the fluid (the flnid veloci ty  v z on the boundary equals the boundary veloci ty  ~0 + 1~) 
a re  given analogously on the lower cyl inder  surface z0(t) + h(t). 

Zero  ex te rna l  p r e s s u r e  is  given on the cyl inder  edge. 
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The ini t ia l  conditions (3) a re  homogeneous ,  there  is  no gap up to the t ime the hot body makes  contac t  
with the ice ,  and the or ig in  is  a t  the ice sur face .  

Equation (4) is  the in tegra l  condition of conserva t ion  of fluid momen tum in a cy l indr ica l  volume of 
a r b i t r a r y  rad ius  r .  

The las t  in tegra l  condition (5) is  the law of cyl inder  motion under the e f fec t  of g rav i ty  and a p r e s s u r e  
force  applied to i t s  lower  sur face  S O = 7r r~. 

Let  us examine the ax ia l ly  s y m m e t r i c  solution of the boundary value p r o b l e m  (1)-(5). I t  then follows 
f r o m  (4) and the continuity equation that 

1" t 
v, = g(z,  t), v,. = -  T g  (z, t), (6) 

where the p r i m e  ove r  the l e t t e r  will denote, he re  and henceforth,  the der iva t ive  with r e s p e c t  to the coord i -  
nate z. In this case ,  the in tegra l  equation (4) is  sa t i s f ied  ident ical ly  by vir tue of the boundary conditions (2) 
and, hence will no longer  be wri t ten  down. The same holds for  the continuity equation. 

Let  us go ove r  the d imens ion less  quant i t ies  by select ing v / v  o as  the unit of length, v 0 for  veloci ty,  
u / v  o fo r  t ime,  T o for  t e m p e r a t u r e ,  and pv~/2 for  p r e s s u r e .  Denoting the v a r i a b l e s  by the p rev ious  l e t t e r s  
and keeping (6) in mind, we obtain 

v -t- (v V) v 1 = - -  VP - t  A v - -  GTy, P (T -i  v V T) = AT; 
2 

z - - zo ( t ) ,  g = l ,  g ' = 0 ,  T = 0 ;  

z = z o ( t ) + i h ( t ) ,  g = Z o + / ~ ,  g ' = 0 ,  T = I ,  T ' = Q ( 1 - - z o ) ;  (7) 

r = R ,  p : -O;  t = O ,  z o - 0 ,  h = O ;  

M +  ~ pclS----- N (zo +'/O. 
So 

Here  we have in t roduced the d imens ion less  p a r a m e t e r s  

pLy 2rag 2 m~  P : G -  g~T~ Q .... , M== , N - -  , 
v~] ' T0• v~p v39 Z 

and the d imens ion les s  cyl inder  rad ius  R = r0v0/v. 

Under  the assumpt ion  of s lowness  of the motion ((vV)v<< Av) and s m a l l n e s s  of the number s  G and P, 
and a f t e r  e l iminat ing the p r e s s u r e  f r o m  the Navie r - -S tokes  equations,  the boundary value p r o b l e m  (7) is  

z - - zo ,  g : = l ,  g ' = 0 ;  

The t e m p e r a t u r e  i s  l inear :  

�9 t z = z  o-i-h, g - - z  o-~-/~, g : 0 ;  

t - -O,  z,,--O, h = O ;  

M - -  i p d S 2  N (zo + ~O. 
"So 

(8) 

T z - - z . ( l )  , [ T ' = Q  (1 z0) ] .  (9) 
h (t) 

Let  us seek  the solution of the boundary value p r o b l e m  (8) in the f o r m  of the s e r i e s  

e := ~'~" q,,(z) ~', ~~ = ~ A ~ ' ,  h - B~', (lo) 
n~O •--O n~O 

where ~ = exp (--At). The equations 

qo ~ ao T boz + Co z2 + do z~, 
(11) 

q,~ = a,~ b,~z + c,~ cos k,~z ~ cl~ sin k , j ,  n ~ O, k n = U n--Z, 

are  obtained for  qn(z). To de te rmine  the p r e s s u r e  p in the boundary conditions of p r o b l e m  (8), le t  us 
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i n t eg ra t e  the p r o j e c t i o n  of  the N a v i e r - - S t o k e S  equat ion on the ax is  r with r e s p e c t  to r and let  us sa t i s fy  the 
condi t ion p = 0 on r = R 

R ~ . r 2 
p . . . .  ( g ' - -  g"); (12) 

2 

where  g(z,  t) i s  taken f r o m  (10). 

Le t  us subst i tu te  (10)-(12) into the b o u n d a r y  and i n t e g r a l  condi t ions  of  the s y s t e m  of equa t ions  (8) and 
le t  us co l l ec t  t e r m s  with ~0 Af t e r  s imple  manipu la t ions ,  equa t ions  a r e  obta ined to de t e rmine  a 0, b 0, c 0 and 
d o , a s  well  a s  the s t eady  th i ckness  of the l iquid l a y e r  and the ra te  of  cy l inde r  d rop :  

( 2  m_g T3• )1,'4 (3zr • 
v ~  -3~-n" p~ro 4 L %  ; h = r ~  -if-" L 

a o = 1 3A~ 2A 3 . 6A o 
B~ B~ ' b~ -- B~ + - -  

3 
C0 : = -  2 

Bo 

To )I/4 ; 

mg 

6Ao . 

B~ ' 

6Ao . do =: 2 . To~ 
B 3 ' B ~ '  B~ = Lpv 

(13) 

(14) 

The B 0 in (14) equa ls  the s t eady  d i m e n s i o n l e s s  l a y e r  th i ckness  wr i t t en  in d imens iona l  f o r m  in (13). The 
d i s tance  A 0 which t h e i c e - - w a t e r  in t e r face  t r a v e r s e s  up to the bui ld-up of  the s t a t i o n a r y  mode is  found in the 
next  app rox ima t ion  in ~. Le t  us de r ive  the equa t ions  f o r  this  app rox ima t ion  

boAi [- co2AoAi + do3A~Ai +- al -[- blAo ~- ci cos kiA o + di sin klAo = 0; 

2CoAl + 6doAoA1 + bi --klci sin klAo + kidi cos kiA o = 0; 

6 (A~ + BI) + 2e o (A o + Bo) (A 1 + B 0 + 3d o (A o -i- Bo) 2 (Ai + Bx) + a~ 

+ b i (A o + Bo) + c~ cos k~ (A o + Bo) -.~ dx sin k~ (A o + Bo) ---- - -  k~ (A i + B~); 

2c o (A1 + B1) + 6do (Ao + Bo) (Ai + B1) + bl - -  klCl sinkl (A o + Bo) 
Y~ 

+ kidi cos kl (A 0 + B0) = 0 N (A 1 + B1) k~ ---- ~ -  R'b~; 

Bi + k~ AiB o = O. 

(15) 

A s s u m i n g  that  we l imi t  o u r s e l v e s  to a l i n e a r  app rox ima t ion  in ~, let  us append ini t ia l  condi t ions ,  t runca ted  
a t  the second  t e r m  

A o + A i - - 0 ,  B o + B l = 0 ,  (16) 

to this  s y s t e m  of  equat ions .  

Hence,  A 1 and P~ a r e  a t  once e x p r e s s e d  s u c c e s s f u l l y  in t e r m s  of A 0 and B 0, which in tu rn  p e r m i t s  
e s t i m a t i o n  of A 0 by us ing the l a s t  equat ion in the s y s t e m  (15) 

A i = - - A o ,  B l = ~ B o ,  A o = - - k 7  2. 

The r e s t r i c t i o n  to a t e r m  l inea r  in ~ = exp(--kt)  in the expans ions  (10) m e a n s ,  phys i ca l ly ,  the a s s u m p t i o n  
of  suf f ic ien t ly  l a rge  d e c r e m e n t s  X -- k~. It  is  e a s y  to see that  B 0 should a l so  be on the o r d e r  of  k~ 2 so that  
we can  se t  B 0 = a / k [ ,  w h e r e  a i s  a new unknown on the o r d e r  of one.  

To d e t e r m i n e  the r e m a i n i n g  five unknowns a 1, b l, c 1, d 1 and a there  a r e  the five f i r s t  equa t ions  in the 
s y s t e m  (15). Because  of  the complex i ty  of  the s y s t e m  i t  i s  expedien t  to use the s m a l l n e s s  of  A 0 and B 0 and 
to se t  

1 l + a  
sin kiA o ~ ~ , cos klAo m 1, sin ki (Ao + Bo) ~ kl , 

cos k 1 (A o + Bo) ~ 1. 

in  this  app rox ima t ion  a i s  found e a s i l y  and tu rns  out  to equal  3 approx ima te ly .  This  p e r m i t s  f inding the 
"bui ld-up t ime"  of  the s t a t i o n a r y  mode 1/X = k~ z a s  well  a s  the d is tance  t r a v e r s e d  by the cy l inde r  dur ing  
th is  t ime :  

i (i7) ~ A  0 ~ .  
3 pvL 

(accord ing  to the coef f ic ien t  B 0 a l r e a d y  found (see (14)). 
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S u b s c r i p t s  

N O T A  T I O N  

is  the t e m p e r a t u r e ;  
i s  the veloci ty;  
i s  the p r e s s u r e ;  
i s  the t ime;  
i s  the densi ty;  
i s  the coeff ic ient  of k inemat ic  v i scos i ty ;  
i s  the t e m p e r a t u r e  conductivity;  
i s  the heat  conductivity;  
i s  the coeff ic ient  of volume expansion;  
is  the specif ic  heat  of fusion; 
a r e  the cy l indr ica l  coordina tes ;  
i s  the th ickness  of fluid l aye r ;  
i s  the sur face  a r e a ;  
i s  the acce l e r a t i on  of g rav i ty ;  
is  the cyl inder  weight; 
a re  the dimensionte  ss  p a r a m e t e r s  of the p rob lem.  

Different ia t ion with r e s p e c t  to t ime i s  noted by adot ,  and with r e s p e c t  to the coordinate  a by a p r i m e .  
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